The single-wall carbon nanotube (SWNT) can be a one-dimensional topological insulator, which is characterized by a Z-topological invariant, winding number. We classify the topology for all possible chiralities of SWNTs in the absence and presence of magnetic field (classes BDI and AIII) along the tube axis. The winding number determines the number of edge states localized in the tube ends by the bulk-edge correspondence, which could be observed experimentally. We find that almost SWNTs are non-trivial topological insulators while the armchair SWNTs are trivial. Except for the armchair SWNTs, the topological phase transition takes place when the band gap is closed by applying a magnetic field.
I. INTRODUCTION
The single-wall carbon nanotube (SWNT) is a quasi-onedimensional (1D) material made by rolling up a graphene sheet, which possesses two Dirac cones at K and K points. The circumference of nanotube is represented by the chiral vector, C h = na 1 +ma 2 , on the graphene, where a 1 and a 2 are the primitive lattice vectors and a set of two integers, (n, m), is called chirality [1] . The SWNT is metallic (semiconducting) for mod(2n + m, 3) = 0 ( 0), because some wavevectors discretized in the circumference direction pass (do not pass) through K or K points when they are expressed in the twodimensional (2D) Brillouin zone (BZ) of graphene. Even for metallic SWNTs, a narrow band gap opens due to the finite curvature in the tube surface [2] [3] [4] . The curvature enhances the spin-orbit (SO) interaction through the mixing between π and σ orbitals, which also contributes to the band gap [5] .
Recently, SWNTs have attracted attention from a viewpoint of topology [6] [7] [8] [9] [10] [11] [12] [13] [14] . The neutral SWNT can be regarded as a 1D insulator in the presence of band gap and rotational symmetry (see below). Due to the sublattice (or chiral) symmetry between A and B lattice sites, the topology of SWNT is characterized by a Z topological invariant, winding number [15] . SWNTs can be 1D topological insulators in both absence and presence of a magnetic field, which belong to classes BDI and AIII in the periodic table in Ref. [16] , respectively. Izumida et al. introduced the winding number for semiconducting SWNTs for the first time [9] . They also examined the edge states localized around the tube ends with energy E = E F = 0, the number of which is related to the winding number by the bulk-edge correspondence. This enables us to know the winding number via the observation of local density of states at the tube ends by the scanning tunneling microscopy (STM) as already done for the graphene [17] . The present authors generalized the theory for metallic SWNTs [11] . The narrow band gap in metallic SWNTs can be closed by applying a magnetic field of few Tesla along the tube axis. This results in the topological phase transition, where the winding number changes * Electronic address: rokuyama at meiji dot ac dot jp discontinuously as a function of the magnetic field. Independently, Lin et al. examined the topological nature in a zigzag SWNT (n > 0 and m = 0) by using the Su-Schrieffer-Heeger (SSH) model and topological invariant called Zak phase [10] . They theoretically proposed a possible manipulation of the edge states via the topological phase transition, although it requires an unrealistically huge magnetic field in the case of semiconducting SWNTs. There also exist theoretical studies on topological phases in a SWNT proximity-coupled to a superconductor [6-8, 12, 13] .
In the present study, we topologically classify all possible SWNTs. The winding number is analytically derived for all possible chiralities. We also generalize the bulk-edge correspondence to the cases of both semiconducting and metallic SWNTs in a magnetic field along the tube axis, which determines the number of edge states by the winding number. Our main results are depicted in Fig. 3 : (a) In the absence of magnetic field, the majority of SWNTs are topological insulators with non-zero winding number. The exceptions are metallic SWNTs of armchair type (n = m) and semiconducting SWNTs with n = m + 1. (b) In the presence of magnetic field, the topological phase transition takes place when the band gap is closed by applying a magnetic field, for all SWNTs other than the armchairs. In other words, the SWNT can be topologically non-trivial even for n = m + 1 when the magnetic field is tuned appropriately. Only armchair nanotubes are topologically trivial regardless of the magnetic field, which is due to the mirror symmetry with respect to a plane including the tube axis [9] . Previously, some groups theoretically predicted a change in the number of edge states in a SWNT as a function of magnetic field [18] [19] [20] . Our theory clearly explains their physical origin in terms of topology.
Note that we noticed a theoretical study by Zang et al. [14] during the preparation of this article. They utilized a similar technique to ours to analyze the winding number in SWNTs. They showed that some SWNTs can have the edge states and that the topological phase transition takes place by applying a magnetic field. Note that, however, their study is restricted to semiconducting SWNTs, and they did not derived analytic expression for the winding number. This paper is organized as follows. In Sec. II, we intro- absence of magnetic field, utilizing the rotational symmetry. We include a magnetic field along the tube axis in Sec. III. In Sec. IV, we analytically evaluate the winding numbers in the case of semiconducting SWNTs in both the absence and presence of magnetic field. The winding number determines the number of edge states via the bulk-edge correspondence, whose proof is given in Appendix B. In Sec. V, we examine the topology in metallic SWNTs with small band gap induced by the curvature effects. After the discussion on our theoretical study in Sec. VI, our conclusions are given in Sec. VII.
II. 1D LATTICE MODEL FOR SEMICONDUCTING NANOTUBE
In this section, we derive a 1D lattice model for semiconducting SWNTs in the absence of magnetic field. Neither the Aharonov-Bohm (AB) effect in a magnetic field nor curvature-induced narrow gap in metallic SWNTs are considered.
Throughout the paper, we consider (n, m)-SWNT, whose circumference is specified by chiral vector C h = na 1 + ma 2 on a graphene sheet, where a 1/2 = ( √ 3/2, ±1/2)a with the lattice constant a = 0.246 nm [see Fig. 1(a) ]. Its diameter is given by d t = |C h |/π = a √ n 2 + nm + m 2 /π. The chiral angle θ is defined as the angle between C h and a 1 :
Hereafter, we restrict ourselves to the case of 0 ≤ m ≤ n without loss of generality, which corresponds to 0 ≤ θ ≤ π/6 with θ = 0 and π/6 for zigzag (m = 0) and armchair (m = n) nanotubes, respectively.
A. Derivation
We start from the tight-binding model for graphene [1] , which consists of two lattice sites, A and B sublattices, as depicted by filled and empty circles, respectively, in Fig. 1(a) . This model involves an isotropic hopping integral γ between the nearest-neighbor atoms. An A atom is connected to three B atoms by vectors ∆ j ( j = 1, 2, 3) in Fig. 1(a) . The Hamiltonian reads,
where r σ is the position of σ = A or B atom on the graphene sheet, and c r is the field operator for a π electron of atom at position r. γ = −2 v F /( √ 3a) with v F = 8.32 × 10 5 m/s being the Fermi velocity in the graphene. The spin index s is omitted which is irrelevant in Secs. II and III.
We derive a 1D lattice model of the SWNT along the lines of Ref. [9] , where the helical-angular construction [21, 22] is utilized. (n, m)-SWNT has the d-fold rotational symmetry around the tube axis, where
is the greatest common divisor of n and m. The rotation by 2π/d corresponds to the translation by C h /d on the graphene sheet. The SWNT also has the helical symmetry represented by the translation by R = pa 1 + qa 2 on the graphene sheet, with integers p and q satisfying
This means that the SWNT is invariant under the translation by a z = √ 3da 2 /(2πd t ) along the tube axis together with the rotation by Fig. 1(a) ]. 1 Here, R and C h /d are a new set of primitive lattice vectors of graphene; the position of A and B atoms can be expressed as
on the graphene sheet with site indices and ν = 0, 1, 2, . . . , d − 1. By performing the Fourier transformation for ν coordinate, we obtain the Hamiltonian blockdiagonalized in the subspace of orbital angular momentum
This is a 1D lattice model in which A and B lattice sites are aligned in the axial direction with the lattice constant a z , as shown in Fig. 1(b) . Here, c µ σ, is the field operator of an electron with angular momentum µ and at σ lattice site of index . The hopping to the jth nearest-neighbor atom [vector in ∆ j in Fig. 1(a) ] gives rise to the hopping to the sites separated by ∆ j in Fig. 1(b) with phase factor ∆ j , where
or
B. Bulk properties
For the bulk system, the Fourier transformation of H µ along direction yields the two-by-two Hamiltonian,
in the sublattice space for given wavenumber k. k runs through the 1D BZ, −π ≤ ka z < π, and
The dispersion relation for subband labeled by µ is readily obtained as
The system is an insulator for semiconducting SWNTs with mod(2n + m, 3) 0, that is, f µ (k) 0 in the whole BZ. Then, the positive and negative E µ (k) form the conduction and valence bands, respectively. On the other hand, for metallic SWNTs with mod(2n + m, 3) = 0, f µ (k) becomes zero at µ + and k + (µ − and k − ) that correspond to K (K ) point on the graphene sheet, as discussed in Sec. V.
C. Winding number and bulk-edge correspondence
The bulk Hamiltonian in Eq. (8) anticommutes with σ z in the sublattice space, which is called sublattice or chiral symmetry. Thanks to this symmetry as well as the finite band gap, we can define the winding number [15] ,
for subband with angular momentum µ in semiconducting SWNTs [9] . The winding number is the number of times that f µ (k) in Eq. (9) winds around the origin on the complex plane when k runs through the 1D BZ. Note that w µ in Eq. (11) is ill-defined for metallic SWNTs where f µ (k) is zero and therefore arg f µ (k) cannot be defined at µ τ and k τ (τ = ±1). We will overcome this problem in Sec. V.
The bulk-edge correspondence holds between the winding number and number of edge states, N edge ,
in a long but finite SWNT. The prefactor of 4 is ascribable to the spin degeneracy and two edges at tube ends. This relation was analytically shown for semiconducting SWNTs in the absence of magnetic field in Ref. [9] . We generalize Eq. (12) [and Eq. (28)] for both semiconducting and metallic SWNTs in an arbitrary magnetic field in Appendix B. Here, we assume that the tube is cut by a broken line in Fig. 1(a) , which results in so-called minimal boundary edges [23] . The case of the other boundaries is discussed in Sec. VI.
III. 1D LATTICE MODEL WITH FINITE MAGNETIC FIELD
We extend our theory to include a magnetic field B in the axial direction of the SWNT. We neglect the spin-Zeeman effect throughout the paper, which is justified unless the band gap is closed in a huge magnetic field. 2 Only the AB effect is taken into account as the Peiels phase in the hopping integral. We replace
for H µ in Eq. (6) and therefore f µ (k) in Eq. (9). They are denoted by H µ (φ) and f µ (k; φ), respectively. Here,
is the AB phase, or number of flux quanta penetrating the tube, a CC = a/ √ 3 is the bond length |∆ j |, and Θ j is the angle between ∆ j and C h on the graphene sheet:
f µ (k; φ) can be zero even for semiconducting SWNTs, that is, the band gap is closed at |φ| = φ * = 1/3 [24] . When |φ| φ * , w µ in Eq. (11) can be defined in terms of f µ (k; φ). As we will show later, a sudden change in w µ takes place at |φ| = φ * = 1/3, which corresponds to the topological phase transition.
Note that only the decimal part of φ is physically significant. φ → φ + 1 compensates with µ → µ − 1 in the definition of angular momentum. Therefore, we can restrict ourselves to 0 ≤ φ < 1 or −1/2 ≤ φ < 1/2 for the sake of convenience.
IV. TOPOLOGICAL CLASSIFICATION OF SEMICONDUCTING NANOTUBE
Now we topologically classify semiconducting SWNTs. The winding number w µ is analytically evaluated as a func- 2 The large Zeeman effect could overlap the conduction band for one spin and valence band for the other spin, which makes the system metallic. (a) (6, 4) , It draws a flower-sharped trajectory centered at z = 1, with petal j = 1 to 5. The distance from z = 1 takes its maximum, 2, when the argument measured from z = 1 is Φ j in Eq. (16), whereas it is 1 for
tion of the chirality (n, m) and magnetic field B in the axial direction. The winding number w µ in Eq. (11) can be interpreted as the number of times that f µ (k; φ) circulates around the origin on the complex plane when k runs through the 1D BZ, −π ≤ ka z < π.
A. Analysis without magnetic field
We begin with the case in the absence of magnetic field (AB phase φ = 0). From Eq. (9), we obtain
For armchair SWNTs of n = m [d = n in Eq. (2) and p = 1 and q = 0 in Eq. (3)], Eq. (15) is a line segment and thus w µ = 0 for any µ. For SWNTs other than armchair type, f µ (k) draws a "flower-shaped" closed loop on the complex plane, as depicted for (6, 4)-SWNT with µ = 0 and 1 in Fig. 2 (a) and (b), respectively. We can see that the former does not circulate the origin, whereas the latter does. This results in w µ=0 = 0 and w µ=1 = 1, respectively. The trajectory is centered at z = 1, and | f µ (k) − 1| takes the maximum value, 2, when The winding number w µ determined by the number of times that f µ (k) winds around the origin on the complex plane when k runs through the 1D BZ. We assume 0 ≤ m ≤ n, and d = gcd(n, m). µ is an integer (angular momentum) in the absence of magnetic field while it is a real number in the presence of axial magnetic field (see text in Sec. IV B). For metallic SWNTs, we disregard the number of times that f µ (k) passes the origin.
. Therefore, the jth "petal" surrounds the origin when Φ j − ∆/2 < π < Φ j + ∆/2, that is,
w µ is the number of integers js that satisfy Eq. (17) for given (n, m) and µ. We evaluate w µ for semiconducting SWNTs with mod( 2n+m d , 3) = 1 or 2 in Table I . The table also includes w µ for metallic SWNTs with mod(2n+m, 3) = 0 when the number of times that f µ (k) passes the origin is neglected.
B. Analysis with finite magnetic field
When the axial magnetic field is present, the trajectory of f µ (k; φ) is examined to evaluate w µ . We obtain Φ j in Eq. (16), with µ replaced by µ + φ, which means that the trajectory for each µ is rotated around z = 1 on the complex plane, as discussed in Ref. [14] . As we mentioned earlier in Sec. III, only the decimal part of φ is physically meaningful because φ → φ = φ − φ is equivalent to µ → µ = µ + φ with x being the maximum integer not exceeding x. Thus we can make the same analysis as in the previous subsection with Table  I .
C. Edge states and topological order
By summing up w µ in Eq. (12) carefully, we obtain the number of edge states N edge , as shown in Table II . Here, we assume −1/2 ≤ φ < 1/2 (µ should be shifted accordingly). The semiconducting SWNTs are categorized into type-1 and type-2 for mod(2n + m, 3) = 1 or 2. 4 The results for N edge indicate that (i) the semiconducting SWNTs other than n = m + 1 are topological non-trivial in the absence of magnetic field (AB phase φ = 0) and (ii) all the semiconducting SWNTs shows the topological phase transition at |φ| = φ * = 1/3 when the energy gap is closed [24] . Note that |φ| = 1/3 corresponds to the magnetic field of more than 100 T when the tube diameter d t ∼ 1 nm. Table II also includes the results for metallic SWNTs, that are a topological insulator except for the armchair nanotubes, irrespectively of the magnetic field, as discussed in the next section. Figure 3 (a) illustrates the number of edge states at B = 0, where a hexagon from the leftmost one indicates the chiral vector C h = na 1 + ma 2 . Almost SWNTs have edge states except for the semiconducting SWNTs with n = m + 1 and metallic ones of armchair type. Figure 3(b) shows the critical magnetic field for the topological phase transition, where the number of edge states changes discontinuously. The critical magnetic field should be experimentally accessible for metallic SWNTs with d t 1 nm (see Sec. V).
The number of edge states per diameter approaches N edge /d t → (n − m)/(3d t ) as d t increases. This agrees with 4 A comment is given for the classifications in Tables I and II. Semicon- ducting SWNTs belong to type-1 in Table II when the result in Ref. [23] for the edge states of graphene. We thus obtain an approximate expression of N edge as a function of d t and θ,
This should be useful when a nanotube of large diameter is examined in a continuum approximation.
V. ANALYSIS FOR METALLIC NANOTUBE
In this section, we discuss the topology of metallic SWNTs with mod(2n+m, 3) = 0. Without the curvature-induced effect, a band of angular momentum µ + (µ − ) passes the Dirac point K (K ) with wavenumber k + (k − ) on the graphene sheet:
[9]. Metallic SWNTs are classified into metal-1 for mod( In order to describe the narrow energy gap in metallic SWNTs, we further extend our 1D lattice model to include the curvature-induced effects besides the AB effect in a magnetic field. As seen in Appendix A, our model is constructed so as to reproduce the effective Hamiltonian for k · p theory, which describes the curvature-induced effects and SO interaction [26] , in the vicinity of k ± with angular momentum µ ± .
A. 1D lattice model with curvature effects
The effective Hamiltonian for k · p theory is given by
with c s r being the field operator for a π electron with spin s at atom of position r [11] . The quantization axis for spin s = ±1 is chosen in the tube direction [26] . This model consists of anisotropic hopping integrals to the second nearest-neighbor atoms, as well as that to the first ones. As mentioned in Sec. II B, the latter connects A and B atoms, that are depicted by three vectors ∆ j ( j = 1, 2, 3), whereas the former connects atoms of the same species indicated by six vectors ∆ (2) Fig. 4(a) . The explicit forms of hopping integrals, γ (i) s, j (i = 1, 2), are provided in Appendix A.
As described in Sec. II A, we use a set of primitive lattice vectors, R and C h /d. By performing the Fourier transformation for ν coordinate in Eqs. (4) and (5), we obtain
where c µ,s σ, is the field operator for an electron with angular momentum µ, spin s, and atom σ at site index in Fig. 4(b) . This is an extended 1D lattice model, where the hopping to the second nearest-neighbor atoms gives rise to the hopping to the sites separated by ∆ 
B. Bulk properties
For the bulk system, the Fourier transformation of H µ,s along direction yields the two-by-two Hamiltonian, in the sublattice space for the 1D BZ, −π ≤ ka z < π, where
The dispersion relation for subband labeled by µ and s yields
The system is an insulator when | µ,s (k; φ)| < |γ f µ,s (k; φ)| in the whole BZ. Thanks to the curvature-induced fine structure, this is true even for metallic SWNTs except in the vicinity of |φ| = φ * , where the band gap is closed by a magnetic field. Then positive and negative µ,s (k) form the conduction and valence bands, respectively. It should be mentioned that φ * 1/3 in metallic SWNTs, which corresponds to the magnetic field of a few Tesla [11] .
C. Winding number and bulk-edge correspondence
For any SWNT with finite band gap, we can define the winding number as
for subband (µ, s). Strictly speaking, it is a topological invariant only if the sublattice symmetry holds [15, 25] : µ,s (k; φ) = 0. However, as far as the system is an insulator, i.e., | µ,s (k; φ)| < |γ f µ,s (k; φ)| in the whole BZ, it is welldefined. We discuss the topology of metallic SWNTs using w µ,s in Eq. (27) except for the vicinity of |φ| = φ * .
The bulk-edge correspondence in Eq. (12) is generalized as
in terms of w µ,s . The proof of this relation is given in Appendix B. Although the energy levels of edge states are slightly deviated from E F = 0 in the presence of µ,s (k; φ), they are within the band gap as long as the gap remains finite.
D. Classification with curvature effects
Now we come to classify the metallic SWNTs. f µ (k; φ) defined in Secs. II and III passes the origin on the complex plane for µ = µ ± (at k = k ± ) corresponding to the Dirac points in the absence of curvature-induced effects. We evaluate w µ,s using Eq. (27) around the origin while we can use the results in Table I otherwise since the topological nature does not change by a small perturbation. As an example, we show f µ (k; φ) on the complex plane for µ = 0 in the (7,1)-SWNT (metal-2 with µ + = µ − = 0) in Fig. 5(a) . Petals j = 3 and 5 go through the origin in the absence of curvature effects, whereas petal j = 4 winds the origin. The latter yields w µ = 1 in Table I . The contribution from the former is discussed in the following.
In the vicinity of origin on the complex plane,
from Eq. (A8) in Appendix A. Here, ∆k φ represents the AB effect in a magnetic field, ∆k c and ∆k z stem from the mixing between π and σ orbitals, and ∆k so is due to the SO interaction (see Appendix A). Equation (29) indicates a straight line made by the rotation of angle ±(θ − 2π 3 ) from a straight line which intersects orthogonally the real axis at r = (∆k c ± s∆k so ± ∆k φ )( √ 3a/2). It gives rise to the winding number when the line intercepts the real axis in the negative part. For armchair SWNTs of θ = π/6, this condition is never satisfied since the line is parallel to the real axis. For the other metallic SWNTs, the condition holds if r > 0, as shown in Fig. 5(b) .
In consequence, we obtain the complete expression for w µ,s for metallic SWNTs. For µ µ ± ,
in Table I . For µ = µ ± ,
where w µ ± is given by Table I and Θ(x) = 1 (0) for x > 0 (x < 0). This explains the topological phase transition at |φ| 1/3, which was demonstrated in Ref. [11] , for the following reason. ∆k φ is proportional to B along the tube axis, ∆k φ = −eBd t /(4 ), in Eq. (A4) in Appendix A. For metallic SWNTs other than the armchair, ∆k c ± s∆k so ∆k c > 0 and thus Eq. (31) yields w µ ± ,s = w µ ± + 1 at B = 0. When B is chirality (7, 1) . d = 1, p = 1, and q = 0. Petals j = 3 and 5 pass the origin in the absence of curvature effects, whereas petal j = 4 rounds the origin. (b) f µ,s (k) around the origin on the complex plane for µ = µ + which passes the K point, in metallic SWNTs with chiral angle θ. r = (∆k c +s∆k so +∆k φ )( √ 3a/2) > 0. The dotted line intersects the real axis orthogonally at r. The trajectory for a zigzag SWNT (θ = 0) is obtained by rotating it by −2π/3 (blue line), whereas that for an armchair SWNT (θ = π/6) is by rotating it by −π/2 (orange line). Therefore the intercept of the real axis is always negative (pink segment) for SWNTs of 0 ≤ θ < π/6. increased beyond B * , which satisfies ∆k c + s∆k so + ∆k φ = 0, w µ + ,s becomes w µ + .
We obtain the number of edge states N edge through Eq. (28) by the summation of w µ ± ,s in Eqs. (30) and (31). The expression for N edge is common for metal-1 and -2, as shown in Table  II . All the metallic SWNTs but the armchair are a topological insulator in the absence of magnetic field [ Fig. 3(a) ] and shows the topological phase transition at B = B * [ Fig. 3(b) ]. The armchair SWNTs are always topologically trivial: They are forbidden to have finite winding numbers regardless of the strength of magnetic field, which is attributable to the mirror symmetry with respect to a plane including the tube axis [9] .
VI. DISCUSSION
We comment on the previous studies which predicted an increase in the number of edge states in metallic SWNTs as the magnetic field increases [18] [19] [20] . At the first sight, this seems contradictory against our results. However, this is because they use parameters corresponding to ∆k c < 0 in our model. We obtain positive ∆k c by fitting the dispersion relation with that from the ab initio calculation known as the extended tight-binding model [26] . However, its sign is quite sensitive to details in the calculation model, and therefore it should be experimentally confirmed which sign is favorable. Also, others theoretically predicted no topological phase transition for metallic SWNTs [10] . This is due to the oversimplification with ∆k c = ∆k so = 0.
A comment should be made on the boundary condition, which is important for the edge states in 1D topological in-sulators. Our calculations have been performed for finite systems in which a SWNT is cut by a broken line in Fig. 1(a) . The angular momentum µ is a good quantum number in this case. This is a "minimal boundary edge," where every atom at the ends has just one dangling bond [23] . The bulk-edge correspondence in Eqs. (12) and (28) holds only for such edges. Some other boundary conditions result in different numbers of edge states, as discussed in Ref. [9] . Even in such cases, we find the change in the number of edge states at the topological phase transition except for armchair tubes. For armchair SWNTs, the number of edge states can be finite for boundary shapes other than minimal boundary. However, it is not changed as a function of the magnetic field. We speculate that this statement is true in general with any boundaries.
VII. CONCLUSIONS
We have classified the topology for all possible chiralities (n, m) of SWNTs in the absence and presence of magnetic field along the tube axis. First, we have studied semiconducting SWNTs using a 1D lattice model in Eq. (6) and depicted in Fig. 1(b) . We have found that (i) the semiconducting SWNTs other than n = m + 1 are topological non-trivial in the absence of magnetic field and (ii) all the semiconducting SWNTs shows the topological phase transition at AB phase |φ| = φ * = 1/3. The phase transition, however, should be hard to observe since a magnetic field of more than 100 T is required when the tube diameter d t ∼ 1 nm.
Next, we have examine metallic SWNTs with a small band gap using an extended 1D lattice model in Eq. (22) and depicted in Fig. 4(b) . Although the winding number w µ,s is not a topological invariant in the presence of γ (2) s, j in Eq. (22) , it is well-defined except for the vicinity of topological phase transition. Indeed we have proved the bulk-edge correspondence for w µ,s in Eq. (28). We have observed that (i) all the metallic SWNTs but the armchair type (n = m) are an topological insulator in the absence of magnetic field and shows the topological phase transition at a critical magnetic field B * . Since B *
can be a few Tesla [11] , the topological phase transition could be observed for metallic SWNTs.
(ii) The armchair SWNTs are always topologically trivial. In conclusions, the majority of SWNTs are a topological insulator in the absence of magnetic field and shows a topological phase transition by applying a magnetic field along the tube. Only metallic SWNTs of armchair type are topologically trivial regardless of the magnetic field. 
factor ∆ j for the nearest neighbor atoms are given by Eq. (7).
For the second nearest neighbor atoms, ∆
j and ∆ (2) j are determined from
These quantities are provided in Table III . We examine low-lying states nearby K and K points. By expanding the bulk Hamiltonian in Eqs. (23)- (25) around µ = µ τ and k = k τ in Eqs. (19) and (20), we obtain
The local band gap around K and K points is evaluated by using Eq. (A8). For metallic SWNTs, k c can be zero, and therefore band gap is determined by the curvature effects as
Appendix B: Proof of bulk-edge correspondence
In this Appendix, we evaluate the number of edge states from the Schrödinger equation, in a similar manner to Ref. [9] . For semiconducting SWNTs, edge states have energy E = E F = 0. For metallic SWNTs, they still have E = 0 if we set µ,s (k) = 0 in Eq. (25) : The topological nature is determined by γ
s, j , whereas the energy of the edge states is shifted by γ
s, j . Here, we examine the edge states at E = 0, neglecting γ (2) s, j . We consider a long but finite SWNT using the 1D lattice model with = 0, 1, 2, . . . , L in Fig. 4(b) . Using the Hamiltonian in Eq. (22), the time-independent Schrödinger equation is written as
where |σ, ; µ, s is the electronic states at sublattice σ and site index with angular momentum µ and spin s. For E = 0, equations for {φ A, } and {φ B, } are decoupled from each other. We find that the edge states consist of B sublattice (A sublattice) only around = 0 ( = L). 
First, we neglect the curvature-induced effects and only the AB phase is taken into account, i.e., γ 
where λ = e −i2π(p+q)µ/d e i(n−m)φa Equation (B4) yields two equations for absolute and phase values as
with j being an arbitrary integer. The condition Eq. (B6) gives a closed loop on the complex plane of λ , which crosses the unit circle of |λ | = 1 at λ ± = e ±i2π/3 , as shown in Fig. 6 . On the loop, Eq. (B7) indicates n+m d points, which are the solution of Eq. (B4). Among them, decaying modes from = 0 correspond to the points of |λ| = |λ | < 1. We obtain the number of such modes by counting integers between j + and j − , where
satisfy Eq. (B7) with λ ± . For metallic SWNTs, j ± in Eq. (B8) can be integers for φ = 0, which correspond to K and K points. We neglect their contribution for now, and examine later.
The above-mentioned analysis yields the number of roots of Eq. (B2). The subtraction of m/d determines the number of edge states around = 0 with angular momentum µ, N edge,µ , for each spin. N edge,µ coincides with |w µ | in Table I . The same calculation can be applied for the edge states around = L, which consist of A sublattice. In consequence, 4N edge, µ gives the total number of edge states, which yields the bulk-edge correspondence in Eq. (12) .
As an example, Fig. 6 depicts the edge modes around = 0 in (6, 4)-SWNT (d = 2) on the λ plane. Circles and squares are modes of µ = 0 and 1, respectively. Solid and broken lines show Eq. (B6) and the unit circle |λ | = 1, respectively. For µ = 0, the number of the modes inside the broken line is two. Since the number of boundary conditions is m/d = 2, we have 2 − 2 = 0 edge states, which corresponds to w µ=0 = 0. For µ = 1, on the other hand, we have three decaying modes and hence one edge state, which is consistent with w µ=1 = 1.
Finally, we examine the contribution from K and K points in metallic SWNTs. Note that if we write λ = e (ik−κ)a z , Eq. (B2) yields f µ,s (k) k→k+iκ = 0. Without the curvature-induced effects, a plane wave gives its solution. Thus we examine how the wavefunction is modified when the curvature-induced effects are included. From Eq. (A8), we find a solution near K and K points with λ = e (ik−κ)a z , k = k τ + τ∆k z , κ = ∆k c + τs∆k so + τ∆k φ .
Then we find that there is one additional edge state at B sublattice around = 0 if κ > 0. This ends up the conclusion that N edge in Table II is valid also for metallic SWNTs. Thus the bulk-edge correspondence is established for both semiconducting and metallic SWNTs in an arbitrary magnetic field.
